In this paper, charged Higgs pair production through ℓ + ℓ − → H + H − where ℓ = e or µ, is studied within the framework of a general Two Higgs Doublet Model (2HDM 
I. INTRODUCTION
The Standard Model of Particle Physics (SM) has been tested experimentally during the last decades and a beautiful agreement between the theoretical predictions and experimental data has been achieved. The Higgs mechanism is assumed to be the right approach for giving masses to the massless electroweak particles and gauge bosons [1] [2] [3] [4] [5] . A signal has already been observed with a mass around 125 GeV, and is believed to be the SM Higgs boson predicted by the Higgs mechanism [6, 7] . However, SM with one single Higgs boson suffers from shortcomings which motivate theoretical extentions. One of those is the Higgs boson mass quadratic divergence when radiative corrections are included. One of solutions to this problem is to introduce Supersymmetry [8, 9] which requires a non-minimal Higgs sector. The Minimal Supersymmetric Standard Model (MSSM) is the simplest example of a supersymmetric model which belongs to two Higgs doublet models (2HDM), i.e., it requires two Higgs doublets to give masses to leptons and quarks [10] . In a general 2HDM, two charged Higgs bosons, H ± , two CP-event neutral Higgs bosons, h 0 , H 0 , and a CP-odd Higgs, A 0 , are predicted. The lightest neutral Higgs boson, h 0 , is taken to be SM-like and is the candidate for the signal observed at LHC. The rest have escaped from detection so far. The main reasons could be the lower production rate or difficulty in extracting the signal from the SM background. In this paper the focus is on the charged Higgs boson which provides a unique and different signal due to being charged. There has been a long time attempt to observe a signal associated with this particle in the last and current experiments. Results from LEP exclude a charged Higgs with m H ± < 89 GeV for all tan β values [11] . The Tevatron searches by D0 [12] [13] [14] [15] and CDF [16] [17] [18] [19] GeV may exist with tan β < 50. These limits are obtained within MSSM. There are limits from B-Physics experiments which are stronger than those obtained from direct searches. The CLEO collaboration excludes a charged Higgs mass below 300 GeV at 95 % C.L. in 2HDM Type II with tan β higher than 2 [22] . A study of four types of 2HDMs excludes m H ± < 300 GeV in 2HDM Type II and III while types I and IV have no lower limit for the charged Higgs mass at high tan β [23] .
The s−channel (left and middle) and t−channel (right) diagrams involved in the signal process.
or equivalently
Throughout this paper, we adopt this setting and let the Higgs bosons masses be free while checking the general potential in terms of stability (positivity) and unitarity with the use of 2HDMC 1.1 [34] .
III. THE CHARGED HIGGS PAIR PRODUCTION AT e − e + LINEAR COLLIDERS
A linear e − e + collider operating at a center of mass energy of 500 GeV has a large potential for a charged Higgs observation through the pair production process e + e − → H + H − . Such a collider may be the International Linear Collider (ILC) [35, 36] or the Compact Linear Collider (CLIC)
[37] operating in its low energy phase.
The charged Higgs pair production, e + e − → H + H − , has been studied in [38, 39] . When including off-shell effects, the charged Higgs can be produced through e + e − → τνH + [40, 41] . Results from [40, 41] show that including off-shell effects, the 5σ contour would be extended by about 10
GeV compared to the case of on-shell charged Higgs pair production. In this paper the focus is on an on-shell pair production of charged Higgs bosons, although including off-shell effects could increase the cross section near the kinematic threshold.
There has been a number of studies of charged Higgs production at e + e − colliders [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] .
However, none of the production processes lead to a more promising result than the charged Higgs pair production followed by a decay to tb or τ ν. GeV.
Collider type 
V. THE TYPE OF 2HDM AND THE NEUTRAL HIGGS COUPLING TO FERMIONS
In this section, the neutral Higgs boson couplings to the muon pair and the charged Higgs pair are studied. First recall that the Higgs-fermion interaction Lagrangian can be written as follows [57] :
where the following abbreviations have been used:
The λ Q parameter determines the type of the 2HDM [58] according to Tab. II. In a general 2HDM, the neutral Higgs coupling to µ + µ − is obtained from Eq. 11 as follows: II, it is concluded that a 2HDM type I is not relevant for a high tan β regime since the charged Higgs decays are suppressed by a factor cot β and we are dealing with tan β values as high as 10. Table II indicates that 2HDM types II and IV are suitable for H ± → τ ν as in other 2HDM types, this decay channel is suppressed by cot β. Furthermore, 2HDM types II and III are suitable for H ± → tb which is suppressed in type IV. The choice of 2HDM type thus depends on the α, β and the charged Higgs decay channel. The α and β parameters determine the production cross section and then one has to choose a proper 2HDM type for an analysis of a specific charged Higgs decay channel. Since type II and III are restricted by the lower limit on the charged Higgs mass at 300
GeV [23] , and type I is not suitable for large tan β , the following analysis which has a kinematic threshold at m H ± = 250 GeV for √ s = 500 GeV, is essentially relevant for a 2HDM Type IV.
VI. HIGGS SELF COUPLING AND CHOICES OF α AND β PARAMETERS
The Higgs boson self-couplings for the vertices involved in the production of ℓ + ℓ − → H + H − are expressed in Eqs. 14 and 15 [27, 28] .
Here two different regimes of large and small α are considered. The tan β is set to 10 for numerical results which are obtained using COMPHEP 4.5.1 [59, 60] . Two domains of α ≃ β ≃ π/2, and β ≃ π/2, α ≃ 0.1 are explored. The α values below 0.1 turn out to be violating the vacuum potential constraints, as obtained by 2HDMC, therefore we restrict ourselves to 0.1 < α < π/2.
VII. DIFFERENT SCENARIOS AND RESULTS
The aforementioned points in (α, β) parameter space lead to the following simplification of the analysis. Two scenarios denoted as case I and II are described as follows.
With this setting, using Eqs. 14 and 15, the Higgs self-couplings are dominated by H ± H ± h which is effectively proportional to (m 2 h − m 2 A ). Since m h is set to 125 GeV to be consistent with LHC recent observations [6, 7] , The two free parameters are then chosen as m A and m H ± . This case can be expressed as cos(β − α) = 1, tan β = 10 as we have adopted tan β = 10 as the example. GeV, m H ± = 160 GeV) shows that the cross section has a little dependence on the value of α parameter as illustrated in Fig. 3 . GeV), is shown in Fig. 5 and confirms that there is less correlation with m A than with m H . This point is not close to the neutral Higgs resonance, however, it was carefully selected to illustrate the effect of m A variation in the total cross section. With m H ± = 150 GeV, which is the minimum value for m A in Fig. 5 , the cross section is essentially a quadratic function of m A which can be verified from Eq. 14. If a heavier H is chosen, the cross section does not necessarily increase with increasing m A due to the term m 2 H − m 2 A which tends to zero for equal masses of the two Higgs bosons. In this case, starting with m A < m H , the cross section decreases with increasing m A until m A = m H , and then starts to grow quadratically. This feature has been shown in Fig. 6 . That is the reason a light A was adopted in this case to avoid equality of m A and m H , when a scan over m H is performed in the range 150 GeV < m H < 500 GeV. Figure 4 shows that a sizable increase in the cross section is observed when increasing m H . Moreover, for any fixed value of m H , the cross section decreases monotonically with increasing the charged Higgs mass. A closer look at the general formula for the s-channel cross section, Eq. 16 [63] shows that the cross section is proportional to the partial decay rate of the resonance (neutral Higgs) to the final state channel which is in turn related to the phase space factor and the square of the coupling of the neutral Higgs with final state particles involved in the process. In Eq. 16, Γ i (Γ f ) is the partial decay rate of the neutral Higgs to the incoming(outgoing) particles, √ s is the center of mass energy and Γ is the total width of the neutral Higgs. The incoming particles are muons and outgoing particles are charged Higgs bosons. Therefore the relevant terms are the H + H − H coupling, which is quoted in Eq. 14, and the phase space factor. Inspecting Eq. 14 shows that the coupling increases with increasing m H ± , however, the phase space factor involved in the decay rate decreases and tends to zero at m H ± ≃ √ s/2 = 250 GeV. Therefore two effects in Fig. 16 are observed: the cross section enhancement when the resonance reaches the injected center of mass energy, i.e., m H ≃ √ s = 500 GeV, and a rapid decrease of the cross section when the phase space saturation occures at m H ± ≃ √ s/2 = 250 GeV, however, no effect is observed at m H ± ≃ m H /2 as m H is off-shell and the relevant factor is √ s/2. 
VIII. CONCLUSION
The charged Higgs pair production, ℓ + ℓ − → H + H − is one of the main processes which would provide an observable signal in a wide range of the m H ± , tan β parameter space in MSSM. If a charged Higgs is observed at LHC in the coming years, this process would be the best candidate for a confirmation of LHC results at a linear collider with ℓ = e. In this paper, it was shown that at a muon collider, i.e., with ℓ = µ, this process would be sensitive to the mass of neutral Higgs bosons which are involved in the s-channel Feynman diagrams. Two regimes of small and large α were adopted and it was concluded that with tan β = 10 and cos(β − α) = 1, the cross section is enhanced up to 130 f b when m A is increased to the kinematic threshold m A = 500 GeV. On the other hand, with tan β = 10 and cos(β − α) = 0.2, the cross section can reach 10 pb when m H is increased towards the kinematic threshold m H = 500 GeV. Since a charged Higgs pair production is observable with a cross section of 10 f b or higher [39] , such large cross sections would provide observable signals earlier than expected from MSSM and therefore could be interpreted as a hint for a heavy neutral Higgs boson and the underlying theoretical model.
